We give evidence that the all genus amplitudes of topological string theory on compact elliptically fibered Calabi-Yau manifolds can be written in terms of meromorphic Jacobi forms whose weight grows linearly and whose index grows quadratically with the base degree. The denominators of these forms have a simple universal form with the property that the poles of the meromorphic form lie only at torsion points. The modular parameter corresponds to the fibre class while the role of the string coupling is played by the elliptic parameter. This leads to very strong all genus results on these geometries, which are checked against results from curve counting.
Introduction
Determining the all genus topological string partition function
on a compact Calabi-Yau manifold M is a benchmark problem with many applications to enumerative geometry and physical implications for black holes and quantum supergravity. Here λ is the topological string coupling, t a are complexified Kähler volumes associated to a basis β a for H 2 (M, Z) and q β = exp(2πi a t a β a ). The underlining of variables is a shorthand for a corresponding list of indexed variables. The mirror map z(t) can be determined from the solutions of the Picard-Fuchs equations describing the periods of the mirror manifold. At the large volume point t a → i∞ and in the holomorphic limit lim¯t →∞ F g = F g = β∈H 2 (M,Z) r β g q β one can read the genus g Gromov-Witten invariants r β g from the convergent q expansion of F g . In this holomorphic limit Z = lim¯t →∞ Z also captures integer BPS invariants and related integer symplectic invariants, such as the Donaldson-Thomas and the Pandharipande-Thomas invariants. Up to the classical terms this limit is completely fixed by the unrefined BPS invariants n where we defined y = exp(λ). This and similar product formulae have been developed following the pioneering work in this direction by Yau and Zaslow [17] . According to [2] , for g > 2 the genus g topological string amplitudes F g (S ij , S j , S; z) are inhomogeneous polynomials of weighted degree 3g − 3 in the anholomorphic propagators S ij , S j , S, which have weights (1, 2, 3) respectively. The coefficients of these polynomials are rational functions of z parametrizing the complex structure moduli space M cs of M. The holomorphic anomaly of [2] determines all of F g except the weight zero piece f g (z) , whose determination is the key conceptual problem in the approach of [2] . Its solution requires information about the behavior of the modular invariant 1 nonholomorphic sections F g (z) over M cs at all its boundary components. Following the method of [16] to obtain an efficient solution of the holomorphic anomaly equation, a careful analysis of the boundary behavior determined the f g up to genus 51 for the quintic hypersurface in P 4 [10] , using the conifold gap condition, regularity at the orbifold point, and Castelnuovo's criterion for the vanishing of higher genus curves at large radius.
In this work we study whether the additional structures that arise when M has an elliptic fibration helps to fix the ambiguities f g . We focus on a smooth elliptic fibration over the base P 2 with a single holomorphic section, which has been considered in the context of mirror symmetry in [8, 4] . It can be defined as a degree 18 hypersurface, i.e. a section of the anti-canonical class P 18 = 0 in the resolved weighted projective space P 4 1,1,1,6,9 .
We find the following structure of the topological string partition function Z in terms of meromorphic Jacobi forms [9] . Let τ and t B be the respective Kähler parameters of the elliptic fiber and the base P 2 , and put q = exp(2πiτ ) and Q = exp(2πit B ). We expand Z in terms of the base degrees d B as
is a quotient of even weak Jacobi forms of the following form
.
Here η(τ ) is the Dedekind function and ϕ d B (τ, z) is an even weak Jacobi form of index Since the elliptic argument z of the Jacobi forms is identified with the string coupling λ = 2πz [9] this expression captures all genus contributions for a given base class! Note that (1.4) has poles only at the torsion points of the elliptic argument [9] . The note is organized as follows. We review the ring of even weak Jacobi forms in Section 2 and explain in Section 3 why the weak Jacobi forms identically satisfy a specialization of the holomorphic anomaly equation in the fiber classes. In Section 4 we fix the weak Jacobi form ϕ d B for low base degrees and evaluate the invariants n β g according to (1.2), which are checked against direct geometrical calculations in Section 5. Further details are provided in a longer version of this paper [9] .
The idea of using the involution symmetry to constrain the holomorphic ambiguities have appeared earlier in the beautiful paper [1] , coauthored by Prof. S.-T. Yau, to whom we dedicate this paper. The involution symmetry considered in the present work acts on both base and fiber of the compact elliptic Calabi-Yau space, and exchanges the two conifold divisors. On the other hand, the paper [1] considered the Fricke involution, which acts on quasi-modular forms of a subgroup of SL(2, Z). For the local Calabi-Yau models, the Fricke involution acts on the modular curve of the base, and exchanges the large volume point with the conifold point. For general compact models such as the quintic, the modularity of the moduli space is still poorly understood. The Fricke involution in [1] is a promising tool in elucidating these deep questions.
This paper is dedicated to Prof. S.-T. Yau on the occasion of his 65th birthday, in recognition of and in appreciation for his powerful insights and beautiful ideas that inspired us over many years.
The ring of weak Jacobi forms and of almost holomorphic forms
Jacobi forms ϕ : H × C → C depend on a modular parameter τ ∈ H and an elliptic parameter z ∈ C. They transform under the modular group [7] 
and under quasi-periodicity in the elliptic parameter as (τ, z) is the ratio of weak Jacobi forms.
Weight k:
Index m:
Here k ∈ Z is called the weight and m ∈ Z >0 is called the index of the Jacobi form. The Jacobi forms have a Fourier expansion
Because of the translation symmetry one has c(n, r) =: C(4nm − r 2 , r), which depends on r only modulo 2m. For a holomorphic Jacobi form c(n, r) = 0 unless 4mn ≥ r 2 , for cusp forms c(n, r) = 0 unless 4mn > r 2 , while for weak Jacobi forms one has only the condition c(n, r) = 0 unless n ≥ 0. According to [7] , 2 a weak Jacobi form of given index m and even modular weight k is freely generated over the ring of modular forms of level one, i.e. polynomials in
We summarize the weights and index of some important forms in Table 1 . Instead of introducing just the Eisenstein series E 4 and E 6 we discuss the graded ring of almost holomorphic forms M k ( 0 ) of 0 generated in addition by Ê 2 [11] . For k > 2 the normalized Eisenstein series E k are defined as [3] 
Here σ k (n) is the sum of the k-th power of the positive divisors of n and ζ(k) = r≥1 
For k = 2 the second equal sign in (2.6) can be viewed as a regularization of the sum on the right [3] . In this case the modular transformation changes to [3] 
Im(τ ) one can define an almost holomorphic object 2 A review of the theory can be found in [6] . We try to follow the notation used there. 6 ] of quasi-modular forms, one can take a holomorphic limit by replacing
without losing information about the ring structure.
Our conventions for the elliptic theta function and weak Jacobi forms A and B are the following 3
The weak Jacobi form of index φ −2,1 has a simple product form using the Jacobi triple product for θ 1 and x = 2 sin
The weight zero index one form is one half of the elliptic genus of the K3
Weak Jacobi forms and holomorphic anomaly equation
In this section we will show by a very simple argument that the master holomorphic anomaly equation of [13] for fibre modularity, which reads for the main example X 18 (1, 1, 1, 6, 9)
is solved by a weak Jacobi form of index m =
after replacing E 2 with Ê 2 . Because of (2.2) and (2.7) given a weak Jacobi form ϕ k,m (τ, z) one can always define a modular form of weight k as follows
It follows that the weak Jacobi forms ϕ k,m (τ, z) have a Taylor expansion in z with coefficients that are quasi-modular forms as in [7, 6] . 4 3 Our conventions for the θ functions associated to the spin structure on the torus are a b (τ, z) = n∈Z e πi(n+a) 2 τ +2πiz(n+a)+2πib and the Jacobi theta functions θ 1 = i 
Here and below, to avoid explicit factors of 2πi, we use λ = 2πiz and
In particular A and B are quasi-modular forms that satisfy the modular anomaly equation
Prop. 1 of [11] 5 implies the claim (3.1). Moreover by (2.8) we can write this as the holomorphic anomaly equation
Let us finish the section with a comparison of (3.1) and (3.6) with Witten's wave equation for the topological string partition function that reads [15] 
If we apply this equation to Z defined in (1.3) with (t )ā =τ and Q β = e 2πid B t B , we get in the large base because of the special form of the intersection matrix of elliptically fibered Calabi-Yau 3 folds only derivatives in the base direction t B for t b and t c . Identifying λ with 2πiz we see already that the index will grow quadratically in d B . A more detailed analysis as in [13] shows also the shift by K B so that the large base limit of (3.7) becomes equivalent to all equations (3.1).
Exact formulae for low base degrees
Our main claim is that the all genus partition function for the topological string for d B > 0 6 are given by (1.4). For the case of d B = 1 the two coefficients are fixed by two genus 0 BPS numbers to be
This determines the all genus BPS invariants for base degree 1 by (1.3), (1.4), and the multicovering formula (1.2).
Up to g = 6 and d E = 6 we list them in Table 2 . A detailed discussion on the perfect matching with the accessible enumerative invariants can be found in Section 5.
Note that (1.3) implies Hilbert scheme-like infinite product formulae for the generating functions. For d B = 1 one gets 
This infinite product formula alone eliminates the subspace V
],1) ± [9] in the holomorphic ambiguity and already determines the topological string amplitudes up to g ≤ 18 for this model.
For d B = 2 three of 17 coefficients can be already fixed by demanding that there is no pole
where F 2 is the degree 2 part of the free energy F = log Z. See [9] for more details about this condition. Note that this pole has to be canceled by the (Z 1 ) 2 contribution in P 2 (τ, z). This explains the first term in (4.6). The vanishing bound which we will discuss in Section 5 is a Castelnuovo-like criterion, namely that
which fixes eleven other constants and implies all vanishing on the right from the edge. The actual nonzero values of the BPS numbers on the generic part of the edge for d E ≥ 5
are then calculated geometrically in (5.3) and yield no further constraints. In order to fix the remaining three constants one needs the information of any three nonzero numbers in the same row or the same column as the numbers (4.5). Notice that three numbers n As we will discuss in Section 5 the vanishing conditions for general d B is 
in the (g, d E ) plane so that the BPS states on the line in the (g, d E ) takes the value
which can be confirmed as well as many other predictions by direct curve counting in Section 5, see (5.3) . See also Fig. 1 . Let us summarize the evidence that we got for the ansatz (1.3), (1.4) from B-model considerations, that is the holomorphic anomaly equation, the involution symmetry [4] and the boundary conditions in M cs . As shown in Section 3, the ansatz fulfills the holomorphic anomaly for each base class identically. It does however not implement the constraints from the full holomorphic anomaly equation including the base direction, the boundary conditions from the conifold and the regularity at the orbifold. Using these constraints and the involution symmetry the F g were determined for all classes up to genus 8, which allowed us to check the validity of the ansatz up to base degree d B ≤ 5 [9] . If the correctness of the ansatz is assumed and the conditions at the different boundary components of M cs are independent, then the model can be solved to genus 189 for all classes and to d B ≤ 20 for all fibre classes and all genus.
Geometric evidence
We can compute many GV invariants geometrically, which allows us to both check our results and fix the ambiguity in the φ d B (τ, z) . Our strategy is as follows.
We set out to identify certain degrees (d E , d B ) and (arithmetic) genus g for which the moduli space of curves with that degree and genus can be described explicitly. We can then use the methods of [12] to extract the GV invariants from the geometry. These methods can be justified and extended by computing the PT moduli spaces of stable pairs supported on such curves [14, 5] . However, the original methods of [12] are often directly applicable and easily give the GV invariants.
The analysis proceeds in two steps. First, for our model M we ask what the maximum possible genus is for irreducible curves of degree (d E , d B ) , and what the moduli space of such curves is. This is the analog of classical Castelnuovo theory for projective space, which was used to help solve the topological string on the quintic to genus 51. The results we use are stated below as Proposition 1 and Proposition 2.
Second, we write a general curve C = ∪C i as a union of components C i . If C i has degree
, and we can bound the genus of C by bounding the genus of each C i and then studying how the components C i can intersect. Once the maximum genus is identified, we can frequently understand the geometry well enough to describe the moduli space.
Recall that M is the blowup of a degree 18 weighted hypersurface in P(1, 1, 1, 6, 9), with exceptional divisor E P 2 . There is a projection π : X → P 2 to the first three coordinates of P (1, 1, 1, 6, 9 ).
Let L = π −1 ( ) be the pullback of a line ⊂ P 2 to X, and let H = 3L + E. Then the degree
In particular, a fiber f has degree (1, 0) and a line ˜ ⊂ E has degree (0, 1). We list some results and refer to [9] for more details. 
Lemma 1. Let C have degree (d E , d B ). Then π(C) is a plane curve of degree d B , including multiplicity.

Corollary 1. A curve of degree (d E , 0) is a union of d E fibers (including multiplicity
g ≤ d E d B − 1 2 3d 2 B − d B − 2 ,
with equality holding if and only if C ⊂ π −1 ( ) for some . In that case, C ⊂ S is the zero locus of a section of O S (d E L + d B E). The moduli space of all curves C (not necessarily irreducible) given by all and all sections of
Preparing for computations, we denote the moduli space of curves of degree 
a formula that may need correction as discussed in [12] . We now give some examples. By Proposition 1, the GV invariants n 
since the moduli space is 
